Abstract. We explore the equimultiplicity theory of the F -invariants Hilbert-Kunz multiplicity, F -signature, Frobenius Betti numbers, and Frobenius Euler characteristic over strongly F -regular rings. Techniques introduced in this article provide a unified approach to the study of these F -invariants under localization and as measurements of singularities.
Introduction
The most intrinsic feature of a ring R of prime characteristic p > 0 is the Frobenius endomorphism given by taking the p-powers, x → x p . Let F e * R be the R-module obtained by restricting scalars along the eth Frobenius endomorphism. For sake of simplicity assume that (R, m, k) is local and F -finite, meaning R is a local ring and F e * R is a finitely generated R-module for each e ∈ N. At the root of prime characteristic commutative algebra and algebraic geometry is Kunz's fundamental result characterizing flatness of the Frobenius endomorphism.
Theorem 1.1 ([Kun69]). Let (R, m, k) be an F -finite local ring of prime characteristic p > 0. Then R is regular if and only if F
e * R is a free R-module for some (equivalently, all) e ∈ N. Motivated by Kunz's theorem it is natural to study non-regular prime characteristic rings by studying algebraic, geometric, and homological properties of the family of R-modules {F e * R} e∈N which distinguish R from a regular local ring. To study the family of R-modules {F e * R} e∈N we consider the following measurements: (1) µ(F e * R), the minimal number of generators of F e * R as an R-module; (2) a e (R), the largest rank of a free summand of F i β e i−j (R). The asymptotic ratio of the above numbers as compared with the rank of F e * R produces several interesting and important numerical invariants unique to rings of prime characteristic.
(1) Hilbert-Kunz multiplicity: e HK (R) = lim [DPY18] . This article concerns itself with the equimultiplicity theory of the above numerical invariants, a topic initiated by the second author in [Smi19] . Specifically, we are interested in understanding when the above measurements are unchanged under localization. Our main result in this direction is the following:
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Theorem A. Let (R, m, k) be an F -finite and strongly F -regular local ring of prime characteristic p > 0 and let P ∈ Spec(R). Let {ν e (R)} e∈N be one of the following sequences of numbers:
• {µ(F e * R)} e∈N • {a e (R)} e∈N • {β e i (R)} e∈N • {χ e i (R)} e∈N Let ν(R) = lim e→∞ ν e (R)/ rank(F e * R). Then the following are equivalent:
(1) ν(R) = ν(R P ); (2) For each e ∈ N, ν e (R) = ν e (R P ).
In the scenario that {ν e (R)} e∈N is the sequence of numbers {µ(F e * R)} e∈N then Theorem A is a significant improvement of [Smi19, Corollary 5.18 ], where the same theorem was proven under the additional assumption that R/P is a regular local ring.
It has been known for some time that Hilbert-Kunz multiplicity, F -signature, and Frobenius Betti numbers serve as measurements of singularities, see [WY00, HY02] , [HL02, AL03] , and [AL08] respectively. Frobenius Euler characteristic was introduced in [DPY18] as a tool to prove that the functions β Theorem B. Let (R, m, k) be an F -finite and strongly F -regular local ring of prime characteristic p > 0. Then the following are equivalent:
(1) R is a regular local ring; (2) χ e i (R) = (−1) i rank(F e * R) for every e ∈ N; (3) χ e i (R) = (−1) i rank(F e * R) for some e ∈ N ≥1 ; (4) χ
We conjecture that Theorem B can be proven under weaker hypotheses. It seems likely that, similar to Hilbert-Kunz multiplicity and Frobenius Betti numbers, one would only need to assume the completion of the local ring R at the maximal ideal is equidimensional in order to know that χ
i implies R is regular. The F -signature of a local ring (R, m, k) can be studied through splitting ideals, a notion originating in [AE06] . For each e ∈ N the eth splitting ideal is I e = {r ∈ R | ϕ(F e * r) ∈ m, ∀ϕ ∈ Hom R (F e * R, R)} and the F -signature of R is realized as the limit s(R) = lim e→∞ λ(R/I e )/p e dim(R) . To better understand the behavior of F -signature under localizations we consider relative splitting ideals: for each ideal I ⊆ R and e ∈ N let I e (I) = {r ∈ R | ϕ(F e * r) ∈ I, ∀ϕ ∈ Hom R (F e * R, R)}. Observe that I e (m) = I e . If I ⊆ R is an m-primary ideal then we can define an F -signature relative to the ideal I as s(I) = lim e→∞ λ(R/I e (I))/p e dim(R) , a limit we will observe exists. Not only do relative splitting ideals allow us to understand the behavior of F -signature in the context of Theorem B, we prove the following associativity type formula for F -signature which is of independent interest. Theorem C. Let R be an F -finite and strongly F -regular local ring of prime characteristic p > 0. Suppose that I ⊆ R is an ideal such that R/I is Cohen-Macaulay of dimension h and x = x 1 , . . . , x h a parameter sequence on R/I. Then
where the sum is taken over all prime ideals P ⊇ I such that dim(R/I) = dim(R/P ).
Section 2 contains background results and basic properties of splitting ideals relative to an ideal. The proofs of Theorem A and Theorem B can be found in Section 3. We also use Section 3 to further explore the behavior of splitting ideals. For example, see Theorem 3.9 for a proof that depth(R/P ) = depth(R/I e (P )) whenever P is a prime ideal of a strongly F -regular local ring satisfying s(R) = s(R P ). Section 4 is devoted to proving Theorem C.
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Preliminary Results

2.1.
.
Hence the definition of Hilbert-Kunz multiplicity presented in the introduction agrees with Definition 2.1.
2.2. F -signature and splitting ideals. Below is a definition, due to Tucker, which is a natural generalization of the splitting ideals and presents a natural extension of F -signature.
Definition 2.2. Let R be an F -finite ring and a be an ideal. The eth splitting ideal of a is defined as I e (a) = {r ∈ R | ϕ(F e * r) ∈ a, ∀ϕ ∈ Hom R (F e * R, R)}. We record the following basic properties concerning splitting ideals, many of which mimic the behavior of the standard splitting ideals I e = I e (m). Proof. Without loss of generality we may assume I = (J, x) and x ∈ I. Then I e (J) : x p e = I e (J : x) ⊆ I e (m) = R, so I e (J) I e (J) + (x p e ) ⊆ I e (J, x). For the second part, observe that
Similar to the usual F -signature, the F -signature of an m-primary ideal a is realized as the limit of normalized Hilbert-Kunz multiplicities of the ideals I e (a). 
Equimultiplicity of F -invariants
We are interested in understanding when the invariants Hilbert-Kunz multiplicity, Fsignature, Frobenius Betti numbers, and Frobenius Euler characteristics are unchanged under localization. Work of the second author in [Smi19] began this study for Hilbert-Kunz multiplicity where the following was proven:
Theorem 3.1 ([Smi19, Corollary 5.18]). Let (R, m, k) be a weakly F -regular ring of prime characteristic p > 0 and P ⊆ R a prime ideal such that R/P is a regular local ring. Then the following are equivalent:
(1) e HK (R) = e HK (R P ),
The techniques surrounding Theorem 3.1 involve a careful and challenging analysis of the behavior of the ideals
} where x is a regular system of parameters modulo P . Using elementary techniques, we recover the above theorem without assuming R/P is a regular local ring, but we do replace the assumption of weakly F -regular with the conjectured equivalent assumption that R is strongly F -regular. Our techniques stem around a novel, yet simple, observation that if a module M is a direct summand of F e 0 * R for some e 0 ∈ N and R is strongly F -regular, then asymptotically there will be many direct summands of F e * R isomorphic to M as e → ∞. To make this precise, we begin with some notation.
Notation 3.2. Let R be a ring and N ⊆ M be finitely generated R-modules. Let rank N (M) denote the maximal number of N-summands appearing in all possible direct sum decomposition of M.
The following lemma should be compared with [SVdB97, Proposition 3.3.1].
Lemma 3.3. Let (R, m, k) be an F -finite and strongly F -regular local ring. Suppose M is a finitely generated R-module such that rank M (F e 0 * R) > 0 for some e 0 ∈ N. Then
3.1. F -signature and splitting ideals. We are prepared to present a proof of Theorem A for F -signature. But first:
Remark 3.4. To make the full use of Lemma 3.3 in the following theorem we remind the reader that the maximal rank of a free summand of a finitely generated module M over a local ring R is invariant of a choice of a direct sum decomposition. This is because R is a direct summand of M if and only if R is a direct summand of M and a complete local ring satisfies the Krull-Schmidt condition.
Theorem 3.5. Let (R, m, k) be a strongly F -regular and F -finite local ring. Suppose P ⊆ R is a prime ideal. Then s(R) = s(R P ) if and only if a e (R) = a e (R P ) for every e ∈ N.
Proof. If a e (R) = a e (R P ) for every e ∈ N then it is trivial that s(R) = s(R P ) since rank R (F e * R) = rank R P (F e * R P ). Suppose that a e 0 (R P ) > a e 0 (R) and write F e 0 * R ∼ = R ⊕ae 0 ⊕ M e 0 . Then (M e 0 ) P has a free R P -summand. For each e ∈ N by Remark 3.4 we may write
Localizing at the prime P we see that a e (R P ) ≥ a e (R) + rank Me 0 (F e * R) and
Therefore s(R P ) > s(R) by Lemma 3.3.
The following theorem states that the splitting ideals of R and that of a localization R P can be effectively compared whenever the Frobenius splitting numbers of R and R P agree.
Theorem 3.6. Let (R, m, k) be an F -finite local ring of prime characteristic p > 0, P be a prime ideal. Then the following are equivalent:
(1) a e (R) = a e (R P ), (2) I e ((P, I)) = I e (P ) +
Proof. Write F e * R ∼ = R ⊕ae(R) ⊕ M e . By definition, F e * I e (P ) = P ⊕ae(R) ⊕ {η ∈ M e | ϕ(η) ∈ P, ∀ϕ ∈ Hom R (M e , R)}. Hence, a e (R) = a e (R P ) if and only if Hom R (M e , R) = Hom R (M e , P ).
It follows then that Hom R (M e , R) = Hom R (M e , P +I), so F e * (I e (P )+I
e * I e (P + I). Thus (1) implies (2). Since (2) trivially implies (3) it is left to show that the last condition implies the first. Suppose that I e (m) = (I e (P ), m
[p e ] ). Then
By Nakayama's lemma we then get that
i.e., Hom R (M e , R) = Hom R (M e , P ) and therefore a e (R) = a e (R P ).
Theorem 3.5 and Theorem 3.6 imply the following:
Corollary 3.7. Let (R, m, k) be an F -finite and strongly F -regular local ring of prime characteristic p > 0 and P be a prime ideal. Then s(R) = s(R P ) if and only if I e (m) = I e (P ) + m
for every e ∈ N.
The techniques surrounding Theorem 3.5 provides a novel proof that the F -signature of a local ring is 1 if and only if R is a regular local ring. Proof. Having positive F -signature implies R is strongly F -regular.
1 If P ∈ Spec(R) then by [AL03, Proposition 1.3] we have that 1 ≥ s(R P ) ≥ s(R) = 1. By induction on the Krull dimension of R we may assume R is regular on the punctured spectrum. Invoking Theorem 3.5, for any P ∈ Spec(R) −{m} we then have that a e (R) = a e (R P ) = rank(F e * R). Therefore F e * R is a free R-module and so R is a regular local ring by Theorem 1.1. The advantage of the proof of Theorem 3.8 is that it directly uses Kunz's Theorem while the proof of [HL02, Corollary 16] invokes the fact that R must be regular if e HK (R) = 1 ([WY00, HY02]). We may also adapt our approach to give a somewhat novel proof that Hilbert-Kunz multiplicity of a formally equidimensional local ring is 1 if and only if R is a regular local ring, see Theorem 3.11 below.
Our next goal is to prove that depth(R/P ) = depth(R/I e (P )) for every e ∈ N, provided (R, m, k) is strongly F -regular and P ∈ Spec(R) satisfies s(R) = s(R P ).
Theorem 3.9. Let (R, m, k) be an F -finite and strongly F -regular local ring of prime characteristic p > 0. Suppose that P ∈ Spec(R), s(R) = s(R P ), and x = x 1 , . . . , x h is a sequence of elements in R. Then the following are equivalent:
(1) x is a regular sequence on R/P ; (2) x is a regular sequence on R/I e (P ) for each e ∈ N; (3) x is a regular sequence on R/I e (P ) for some e ∈ N.
In particular, depth(R/P ) = depth(R/I e (P )) for all e ∈ N.
Proof. Let x 1 , . . . , x h be a regular sequence on R/P . To show that x 1 , . . . , x h is a regular sequence on R/I e (P ) it is equivalent to check that for every 0 ≤ i ≤ h − 1 i ) = I e (P, x 1 , . . . , x i ) and by (7) of Lemma 2.3 we have that (I e (P, x 1 , . . . , x i )) : x p e i+1 = I e ((P, x 1 , . . . , x i ) : x i+1 ). But x 1 , . . . , x h is a regular sequence on R/P and therefore by a second application of Theorem 3.6 we see that I e ((P, x 1 , . . . , x i ) : x i+1 ) = I e (P, x 1 , . . . , x i ) = (I e (P ), x p e 1 , . . . , x p e i ). Now suppose that for some e ∈ N that x 1 , . . . , x h is a regular sequence on R/I e (P ). Then for each 0 ≤ i ≤ h − 1 we have by (7) of Lemma 2.3 and Theorem 3.6 that I e ((P, x 1 , . . . , x i ) : x i+1 ) = (I e (P, x 1 , . . . , x i ) : x Let (R, m, k) be an F -finite and strongly F -regular local ring of prime characteristic p > 0. Observe by (9) of Lemma 2.3 that depth(R/I e (P )) ≥ 1 for every e ∈ N and P ∈ Spec(R) \{m}. However, it does not follow that depth(R/I e (P )) = depth(R/P ) if we do not assume s(R) = s(R P
(xy − zw) .
Observe that R/P is a regular local ring of dimension 2, yet one can check that I 1 (R) = (xz, x 2 , z 2 ) and R/I 1 (R) has depth 1.
3.2. Hilbert-Kunz multiplicity. Now, we prove Theorem A for Hilbert-Kunz multiplicity.
Theorem 3.11. Let (R, m, k) be a strongly F -regular and F -finite local ring of dimension d and P ∈ Spec(R). Then the following are equivalent:
/p e ht(P ) for every e ∈ N; (3) µ(F e * R) = µ(F e * R P ) for every e ∈ N; (4) F e * R/P F e * R is a free R/P -module for every e ∈ N. Proof. Conditions (b e µ((M e 0 ) P ) + µ((N e ) P )).
Therefore
, a value strictly less than e HK (R) by Lemma 3.3. Now suppose that e HK (R) = e HK (R P ). To show that F e * R/P F e * R is a free R/P -module observe first that by Nakayama's Lemma that µ R P (F e * R P ) = µ R P (F e * R P /P F e * R P ). Therefore µ R (F e * R/P F e * R) = µ R (F e * R) = µ R P (F e * R P ) = µ R P (F e * R P /P F e * R P ) ≤ µ R (F e * R/P F e * R).
Therefore, as an R/P -module, we have that F e * R/P F e * R is generated by rank R/P (F e * R/P F e * R) elements and must be free.
Conversely, if F e * R/P F e * R is a free R/P -module for every e ∈ N then µ R (F e * R/P F e * R) = µ R P (F e * R P /P F e * R P ) and therefore µ R (F e * R) = µ R (F e * R/P F e * R) = µ R P (F e * R P /P F e * R P ) = µ R P (F e * R P ).
The following corollary is the analogue of Theorem 3.9 for Hilbert-Kunz multiplicity.
Corollary 3.12. Let (R, m, k) be a strongly F -regular and F -finite local ring of prime characteristic p > 0. Suppose that P ∈ Spec(R) and e HK (R) = e HK (R P ). Then for each sequence of elements x = x 1 , . . . , x h the following are equivalent:
(1) x is a regular sequence on R/P ; (2) x is a regular sequence on R/P [p e ] for each e ∈ N; (3) x is a regular sequence on R/P
[p e ] for some e ∈ N.
In particular, depth(R/P ) = depth(R/P [p e ] ) for every e ∈ N.
Proof. For any finitely generated R-module M a sequence of elements x is a regular sequence on M if and only if x is a regular sequence on F e * M. The corollary is immediate by Theorem 3.11 since the modules F e * (R/P
[p e ] ) ∼ = F e * R/P F e * R are free R/P -modules. Corollary 3.12 is an improvement of an observation that can be made from [Smi19, Proposition 3.1 and Corollary 5.19]: if (R, m, k) is weakly F -regular, P ∈ Spec(R) satisfies e HK (R) = e HK (R P ), and R/P is regular then R/P
[p e ] is Cohen-Macaulay for e ∈ N. We utilize Theorem 3.11 and results of [AE08] and provide a novel proof that the HilbertKunz multiplicity of a local ring is 1 if and only if the ring is regular. Proof. We may assume (R, m, k) is a complete local equidimensional ring with e HK (R) = 1. Hilbert-Kunz multiplicity is additive on short exact sequences, therefore R is a complete local domain. Moreover, Hilbert-Kunz multiplicity equal to 1 implies R is strongly F -regular, see [AE08, Corollary 3.6]. By Corollary 3.12 applied to P = (0), F * R is a free R-module and R is regular by Theorem 1.1.
Frobenius Betti numbers and Frobenius Euler characteristic.
We now turn our attention to the behavior of Frobenius Betti numbers and Frobenius Euler characteristics under localizations. 
We refer the reader to [Li08, AL08, DSHNnB17, DPY18] for basics on Frobenius Betti numbers and [DPY18] for basics on Frobenius Euler characteristic. Our study begins with a simple application of the Auslander-Buchsbaum formula.
Lemma 3.15. Let (R, m, k) be a local ring of prime characteristic p > 0. The following are equivalent:
(1) R is a regular local ring; (2) F e * R has finite projective dimension as an R-module for every e ≥ 1; (3) F e * R has finite projective dimension for some e ∈ N. Proof. It is easy to see that depth(R) = depth(F e * R) for every e ∈ N. Hence by the Auslander-Buchsbaum formula, if the projective dimension of F e * R is finite then F e * R is a free R-module and the lemma follows from Theorem 1.1. R has a direct summand F e 0 * R ⊕ae . It readily follows that Ω e+e 0 (R) has Ω e 0 (R) ⊕ae(R) as a direct summand and therefore rank M (Ω e+e 0 ) ≥ a e (R). In particular,
We are now prepared to prove Theorem A for Frobenius Betti numbers and Frobenius Euler characteristics, we first present a proof of Theorem A for Frobenius Betti numbers. . Localizing at P , Ω e i (R) P ∼ = Ω e i (R P ) ⊕ F P where F P is a free R P -module. It readily follows that
which is strictly less then β Following the proof of Theorem 3.11 we recover [AL08] for strongly F -regular rings. Proof. By [DPY18, Proposition 3.1], β F i (R P ) = 0 for every P ∈ Spec(R) \{m}, so by induction on dimension we may assume that R P is regular. Therefore β e i (R) = β e i (R P ) = 0 and the claim follows from Lemma 3.15.
Finally, we complete our proof of Theorem A by establishing an equimultiplicity criterion for Frobenius Euler characteristic. .
Suppose there exists an integer e 0 such that rank(Ω e 0 i+1 (R)) = rank(Ω e 0 i+1 (R P )). There exists a free R P -module F P such that Ω i+1 (R) P ∼ = Ω e i+1 (R P ) ⊕ F P . Therefore rank(Ω > 0 by Lemma 3.19. Then for each integer e ∈ N the R P -module Ω e i+1 (R) P contains a free summand of rank b e . In particular, we have that rank(Ω
As with F -signature, Hilbert-Kunz multiplicity, and Frobenius Betti numbers, we now know that Frobenius Euler characteristic can be used to detect regular rings, provided we know the ring being studied is strongly F -regular. Proof. The equivalence of (1), (2), and (3) is the content of Lemma 3.17 and (4) is trivially implied by condition (2). Now suppose that R is a strongly F -regular local ring but is not regular. By Lemma 3.16 χ 
We are assuming that R is not regular, therefore Ω > 0 by Lemma 3.19 and therefore β
4. An associativity formula for F -signature
Our proof of Theorem C begins with two technical lemmas.
Lemma 4.1. Let (R, m, k) be an F -finite and strongly F -regular local ring of prime characteristic p > 0. Suppose that I ⊆ R is an ideal such that R/I is Cohen-Macaulay of dimension h and x 1 , x 2 , . . . , x h a parameter sequence on R/I. Then for all sequences of natural numbers n 1 , n 2 , . . . , n h we have that
Proof. Denote by N a Cartesian product of natural numbers, N = (n 1 , n 2 , . . . , n h ), let N = n 1 n 2 · · · n h , and for each N let x N be the sequence of elements x
h . We are claiming there exists a constant C, depending only on λ(R/(I + (x))), such that for all N 1 p ed λ(R/I e (I + (x) N )) − s(I + (x N )) ≤ CN p e . We will first show that there exists a constant C such that for all N and e ∈ N 1 p ed λ(R/I e (I + (x) N )) ≤ s(I + (x N )) + CN p e . The R-module F * R is finitely generated and torsion-free so there exists a short exact sequence
where T is a finitely generated torsion R-module. By (4) of Lemma 2.3
and therefore there are right exact sequences
where T e is the homomorphic image of T /I e (I + (x N ))T . Therefore
Suppose that c ∈ R is a nonzero element which annihilates T .
and we have that
It is well known there exists C ∈ R, depending only on the ring R, such that
see [Pol18, Proposition 3 .3] for example. Because R/I is Cohen-Macaulay we know that λ(R/(I + (x N ))) = e(x N ; R/I) = N e(x; R/I) = N λ(R/(I + (x))).
If we divide the inequality in 4.1 by rank(F * R)p (e+1)d we obtain that
)N p e for every e ∈ N. The constant µ(T )C λ(R/(I + x)) has no dependence on e or N, so we replace C by this constant and utilize [PT18, Lemma 3.5] to obtain that λ(R/I e (I + (x N ))) p ed ≤ s(I + (x N )) + 2CN p e . Obtaining inequalities of the form
is almost identical to the above. Begin by examining a short exact sequence of the form
where T is a torsion R-module. By (3) of Lemma 2.3 we have that ψ(I e (I + (x N )) [p] ) ⊆ I e+1 ((I + (x N )))F * R and so there are right exact sequences
where T e is the homomorphic image of T /I e+1 (I + (x N ))T . The reader is now encouraged to follow the techniques above and the techniques of [PT18, Theorem 4.3] to obtain inequalities as described in 4.2. We prove the theorem by induction on h. Let us start with the case of h = 1. To prove the claim, let us introduce an auxiliary bisequence that will link the two sides of the formula together.
Claim 4.4. For each pair of natural numbers n, m ∈ N let a n,m = λ R/(I e (I + (x n+m )) + (x np e )) .
Then the bisequence a n,m satisfies the following properties:
(1) a n,0 = λ(R/I e (I + (x n ))); (2) lim m→∞ a n,m = λ(R/(I e (I) + (x np e )));
(3) a n,m = a n+m,0 − a m,0 .
Proof. The first two properties are immediate from the definition.
For the third formula we first recall that if J is an ideal and x / ∈ J then λ(R/(J, x)) = λ(R/J) − λ(R/J : x). Applying this to J = I e (I + (x n+m )) and x np e we obtain by (7) of Lemma 2.3 that a n,m = λ(R/I e (I + (x n+m ))) − λ(R/I e (I + (x n+m )) : x np e ) = a n+m,0 − λ(R/I e ((I + (x n+m )) : x n )) = a n+m,0 − a m,0 .
Recall that for any bisequence sup n sup m a n,m = sup n,m a n,m = sup m sup n a n,m . By definition, the sequence a n,m is increasing in m, so by the claim sup n sup m a n,m n = sup n 1 n λ(R/I e (I + (x n ))) = P e(x, R/P ) λ(R P /I e (I)R P ), because x is a regular element modulo I e (I) by (9) of Lemma 2.3. On the other hand, by Lemma 4.1 a n,0 /n is an increasing function in n ∈ N, so the claim also shows that sup n a n,m n = sup n a n+m,0 − a m,0 n = lim n→∞ a n,0 n . where Q varies through the prime ideals P containing I e (I ′ ) such that dim R Q /P R Q = dim R Q /I e (I ′ )R Q . By induction, lim n→∞ λ(R Q /I e (I ′ )R Q ) n h−1 = P e(x 1 , . . . , x h−1 ; R Q /P R Q ) λ(R P /I e (I)R P ),
Thus
where P varies through the prime ideals P containing I e (I) such that dim R Q /P R Q = dim R Q /I e (I)R Q . Thus e(x h ; R/Q) e(x 1 , . . . , x h−1 ; R Q /P R Q ) λ(R P /I e (I)R P ).
